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Abstract. We study in this paper the periodic homogenization problem re- 
lated to a strongly nonlinear reaction-diffusion equation. Owing to the large 
reaction term, the homogenized equation has a rather quite different form 
which puts together both the reaction and convection effects. We show in a 
special case that, the homogenized equation is exactly of a convection-diffusion 
type. The study relies on a suitable version of the well-known two-scale con- 
vergence method. 



1. Introduction 

The aim of this work is the study of the asymptotic behavior of the solutions of an 
initial boundary value problem for a strongly nonlinear reaction-diffusion equation 
with a large reaction term, in a cylinder. The equation reads as: 

^ diva(^x,t,-,^,i?..j+-g(^-,^,u.j mQT (1.1) 

u, = Oon9Qx(0,T) 
u,{x,0) = u°{x)eL^{Q) 

where Qt = Q x (0, T) is our cylinder and fc is a given positive parameter. The 
motivation of this study comes essentially from the applicability of the preceding 
model. In fact, when the function a(a;, y, r. A) is linear with respect to A, that 
is, a{x,t,y,T, X) — b{x,t,y,T) ■ A, the unknown may be viewed as the concen- 
tration of some chemical products diffusing in a porous medium of porosity p{y), 
with varying diffusivity b{x, t, y, r) and reacting with the background medium by 
absorption/desorption through the term g{y,T,r) [2]. The fact that the diffusivity 
depends on the macroscopic variables {x,t) means that the concentration varies 
locally (and not uniformly) in the medium. When the diffusivity is nonlinear as it 
is the case in ()l.ip and has the specific form a{x, t, y, r. A) = b{x, t, y, r) |A|^ A, we 
obtain some model equations of porous media [5] (see also [B]); here is the density 
of the fluid, p{y) and b{x, t, y, r) are respectively the porosity and the permeability 
of the medium. 

To proceed with the study of our model, we apply general ideas of homogeniza- 
tion [21 [9] and specifically the framework of two-scale convergence introduced in 
[TT] and developed in [1]. Although the homogenization process is standard, it has 
still some difficulties in our situation. In fact, the diffusion term is nonlinear, and 
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the lower order term -gixje, t/ , u^) is large because of the presence of the factor 
To avoid obtaining a resulting homogenized equation of stochastic's type, we 
assume a centering type condition on the function g, that is the periodic function 
(y, r) I— > g{y,T,r) has zero mean value with respect to the variable y, which then 
allows us to express g as the gradient of a regular function. We also use this con- 
dition in both the a priori estimates and the passage to the limit. This produces a 
limit problem of a completely different type, which puts together both the reaction 
and convection effects; see Proposition 01 To be more precise, here is the main 
result of the paper (the assumptions are to be specified later). 

Theorem 1. Let 2 < p < oo. Assume hypotheses A1-A5 hold. For each e > 
let Us be the unique solution to p. II) . Then there exists a subsequence of e not 
relabeled such that uq in L'^{Qt) where uq G LP{0,T; Wq'^{Q)) is solution to 

the following boundary value problem: 

= divg{-,-,uo,DMo) + qo{-,-,UQ,Duo) in Qt 
uo = on dQ X {0,T) (1.2) 
Mo(x,0) — u'^{x) in Q. 

The main issue in getting (|1.2p lies at the level that the derivative with respect 
to time dus/dt involves a weight function represented by p(x/e). Indeed, with 
the presence of p{x/e) the usual Aubin-Lions compactness result [101 Chap. 1, 
p. 58] does not apply to our situation, and we use an appropriate one due to 
Amar et al. [T, Theorem 2.3] and generalizing the former. Also, because of p{x/e), 
the space of test functions in the homogenization process is strongly modified. In 
the framework of the usual two-scale convergence, the test functions are usually 
taken in a space of the type Cj^,.(F). Here, because of the function p, this space 
is reduced to those functions u in C^j.{Y) satisfying the additional normalized 
condition Jy p(y)u{y)dy = 0. This condition plays a crucial role in the choice 
of the correction term ui, which must then satisfy the same assumption itself. 
Another consequence of this choice is that one must prove the density of the space 
{u e C-,(y) : p{y)u(y)dy = 0} in the space {u S Wlg{Y) : p{y)u{y)dy = 0}. 
Also, due to the form of the homogenized problem (which might be degenerate) 
there is no general uniqueness result for the homogenized equation (|1.2I) . However, 
we show that in some cases, there is uniqueness of the solution to the said problem. 

There is a variety of papers dealing with homogenization of operators of the 
same type as (jl.ip but with a linear diffusion term which is not depending on the 
macroscopic variables {x^t). Without any pretension of exhaustiveness we refer to 
[2] (for the case when k — 2), to [TS] (in which p =1 and k ~ 2, but the behavior in 
the microscopic time variable being with respect to some ergodic diffusion process 
^t/s^) and to ;8] in which the following operator is considered: 

due ^ f f X t \ \ 1 ( X t \ f X t \ 

with the same assumptions as in |15 . 

The paper is organized as follows. In Section 2, we recall the concept of two- 
scale convergence. We adapt it to the situation of the problem (|l.ll) . Section 3 
deals with a priori estimates of the solution of the problem (|l.ip . In Section 4, 
we give some preliminary results that will be used in the next section. Finally, 
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Section 5 deals with the homogenization results for We also study there a 

particular case when the homogenized problem possesses a unique solution, and 
show that the whole sequence converges in that case to the solution of a problem 
of convection-diffusion type. 

We end this section with some notations. All functions are assumed real valued 
and all function spaces are considered over R. Let Y = (0, 1)^ and let F(K^) be 
a given function space. We denote by -Fper(i^) the space of functions in Jioc(IR^) 
(when it makes sense) that are ^-periodic. Given a y-periodic function p, we denote 
by F^p{Y) the subspace of Fpcr(i^) consisting of functions u for which pu has mean 
value zero: /y p{y)u{y)dy = 0. As special cases, X'por(i^) denotes the space C^^{Y) 
while 'D^p{Y) stands for the space of those functions u in V-pciiY) for which pu has 
mean value zero. V'^^^iY) stands for the topological dual of V-pciiX) which can be 
identified to the space of periodic distributions in P'(R^). 

2. Two-scale convergence 

We recall the notion of two-scale convergence [TJ [TT] . We adapt it to our frame- 
work and get the following 

Definition 1. A sequence {ue)e>o C L'p{Qt) (1 < P < oo) is said to two-scale 
converge towards uq £ LP{Qt x Y x Z) (Z = (0, 1)) if, as e ^ 0, 



/ Ueix,t)f (x,t,-,^] dxdt ^ II 
JQt \ £ £ J JJQt> 



uo{x, t, y, r)/(x, i, y, T)dxdtdydT 

^xYxZ 

(2.1) 

for all / e LP'{QT;CpcriY x Z)). We denote it by u, ^ uq in LP{Qt)-2s. 

The following two compactness results are well-known in the literature; see e.g. 
[13] for the exact situation considered here. 

Theorem 2. Let I < p < oo. Then any bounded sequence in L'p{Qt) admits a 
two-scale convergent subsequence. 

Theorem 3. Let 1 < p < oo. Let {ui,)^^e (where E is an ordinary sequence of 
real numbers converging to zero with e) be a bounded sequence in LP{0,T; Wq'^{Q)). 
There exist a subsequence of E denoted by E' , and a couple (uqi ui) S ^''(0, T; Wq'^{Q)) ; 
Lp{Qt X Z; Wlf,{Y)) such that, as E' 3e -^0, 

Ue ua in 2.^(0, T; Wo'P{Q))-weak 

and 

dUr dUn dUl ^r,/^ N ^ . >rx 

-±^-^ + -1 m LP{Qt)-2s (1 < j < N). 

oxj 0Xj ^yj 

In Theorem [3] the function ui is unique up to an additive function of variables 
x, T. We need to fix its choice in accordance with the needs in the sequel. For 
that, let us recall the definition of the space W^^{Y) for a given positive function 
p e i^j.(y) with non zero mean value: 



W^liY) ^ |« e W^-S{Y) : j^p{y)u{y)dy = 

W^^iY) is a closed subspace of W^;P{Y) since it is the kernel of the continuous 
linear functional u ^ Jy p{y)u{y)dy defined on Wp^P{Y). The following version of 
Theorem [3] will be used in the sequel. 
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Theorem 4. Assumptions are those of Theorem [3l Assume moreover that p > 2 
and that there exists a function Uq € LP{0,T;Wq'^{Q)) such that — > Uq in 
L^iQr) as E B e ^ 0. Then there exists a subsequence E' of E and a function 
ui e LP{Qt X Z; W^l{Y)) such that, as E' Be^O, 

^^|^ + t^mLWi^.(l<,<iV). (2.2) 
clXj oxj oyj 

Proof Let uf e LP{Qt x Z;W^^p{Y)) be such that Theorem [3] holds with uf in 
place of ui in that theorem. Set 

Ui{x,t,y,T) = uf{x,t,y,T) - y ]—— [ p{y)uf {x,t,y,T)dy 

for {x,t,y,T) <^ Qt y^Y X Z. Then ui e LP{Qt x Z;W^^{Y)) and moreover 
dui/dy^ = duf/dy, {I < i < N), so that (g^l) holds. □ 

Remark 1. In case p = 1, we retrieve the result of ISJ since in that case W^p{Y) ~ 
W^P{Y) {u e W^f^(Y) : Jyudy = 0}. Throughout the rest of the paper, we 
assume without lost of generality that Jy pdy = 1. 

3. Statement of the problem: A priori estimates and compactness 

RESULT FOR THE SOLUTION 

3.1. Problem setting. Let Q be a bounded Lipschitz domain of and T a 
positive real number. By Qt we denote the cylinder Q x (0,T). Our aim is to 
study the asymptotic behavior of the sequence of solutions to We begin this 

section by setting the necessary conditions under which such a study can be made 
possible. For instance, we assume that the coefficients of (jl.ip are constrained as 
follows: 

Al The function a : (x, t, y, r, A) ^ a{x, t, y, r. A) from Qrp x x M x into 
R^ satisfies the properties that: 

For each fixed (a;, t) g Qrp and A e R^, a(x, t, •, •, A) is measurable (3.1) 

" ^ (3.2) 



a{x,t,y,T,0) ~ almost everywhere (a.e.) in (y, r) e 
and for all {x,t) G Qp. 



There are three constants cq, Ci, C2 > and a continuity modulus uj 
(i.e., a nondecreasing continuous function on [0, +oo) such that 
a;(0) — 0,aj(r) > if ?' > 0, and uj{r) = 1 if r > 1) such that a.e. in 
{y,T) e X R, 

(i) {a{x,t,y,T,X) - a{x,t,y,T, A')) • (A - A') > ci |A - A'|^ 

(ii) |a(x,t,y,T,A)| <C2(l + |Ar^) 

(iii) \a{x,t,y,T,X) - a{x' ,t' ,y,T, X')\ 

< w(|x - x'\ + \t~tj){l + \Xr' + IX'l"'') + Co (1 + |A| + |A'|)^"' |A - A'l 
for all (x, t), ix',t') e Qrp and all A, A' e R^, where the dot 
denotes the usual Euclidean inner product in R^ and | • | the associated 
norm. 

(3.3) 
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A2 Lipschitz continuity. The function g is continuous on X M X M and 
there is C > such that for any {y, r) e M^+-'^ and r, ri, r2 G K 

\drg{y,T,r)\ < C 

\drg{y,T,ri) - drg{y,T,r2)\ < C |ri - (1 + |ri| + |r2|)"^ 

A3 Equilibrium condition. We assume that is a possible equilibrium so- 
lution of ([TT]), that is, g{y, t, 0) = for any {y, r) G R^+^ 

A4 Positivity. The density function p e L°°(R^) and there exists A > such 
that 

A"^ < p{y) < A for a.e. y G R^. 
We also assume without loss of generality that 

J^p{y)dy = 1. 

A5 Periodicity hypothesis. The density function p is F-periodic, the func- 
tion (y, r) a{x, t,y,T,X) is F x Z-periodic for any fixed x,t,X. We assume 
also that g{-, •, r) G CpcriY x Z) for any r G M with Jy g{y, r, r)dy = for 
all (r, r) G M^. We easily infer from the Fredholm alternative the existence 
of a unique i?(-,-,r) G Cpov{Y x Z) such that AyR{-,-,r) = g{-,-,r) and 
Jy R{-, t, r)dy = for all r, r G M, where Ay stands for the Laplacian with 
respect to the variable y. Moreover -^r) is at least twice differentiable 
with respect to y. Let G(j/, r, r) = DyR{y, r, r). Thanks to A2 and A3 we 
see that 

\G{y,T,r)\<C\r\, |9.G(y, r, r)| < C, (3.4) 
\drGiy,T,n) - drG{y,T,r2)\ < C In - raj (1 + |ri| + \r2\)-' (3.5) 
where Si-G denotes the partial derivative of G with respect to r. 
As regards the definition of the trace functions (a;, t) a{x, t,x/e,t/e'', Due{x, t)), 
{x, t) 1-^ g{x/e, t/e'^, Ue{x, t)) and x H> p{x/s) here denoted respectively by a^(-, Due), 
g^{ue) and p^, this has been extensively discussed in many papers (see e.g. [HI HQ]). 
These functions are well-defined and satisfy properties of the same type as in Al- 
A4. Due to both the positivity assumption on the density function p and the 
Lipschitzity of the function g(y,T, •), one can show in a standard fashion that the 
problem admits a unique solution it^, which moreover belongs to the space 

LP{0, T; Wo^iQ)) n C(0, T; L^iQ)); see e.g., O US]. 

3.2. A priori estimates and compactness. We will denote by (•, •) the duality 
pairing between Wq''^{Q) and its topological dual W~^'P (Q). The symbols |-|^p 
and ll'll will stand for the respective norms of LP{Q) and W^'^iQ). Throughout 
G will denote a generic constant independent of e. The following uniform a priori 
estimates hold. 

Lemma 1. Under assumptions A1-A5 the following estimates hold true for 2 < 
p < oo; 

sup \Ue{t)\l.<C, (3.6) 
0<t<T 

r \\u,{t)\f dt < C (3.7) 
Jo 

where G is a positive constant which does not depend on e. 
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Proof. We have Ue G LP{0,T;Wo'^{Q)) D C{0,T; L^{Q)) and the following energy 
equation holds: 



L2 



L2 



a%-,Dueis)) ■ Du,{s)dxds (3.8) 



JQ 



g"^ {u^(s))ui,{s)dxds. 



/o JQ ^ 

But using the representation G{y,T,r) = DyR{y,T,r) obtained above, we get 



1 /x t 



X t 



-9 = divG \-,-r,uA - drG -, -77,^5 • Du^. 



X t 



Putting the above expression in p.Sp we obtain 



L2 



JQ 



a!^ Due) ■ Du^dxds 



G^{ue) ■ Du.dxds ~ 2 



JQ 



(drCiu^)- DUe)Uedxds+ ip'')^U° 



2 

L2 



where G'^{u^) and drG^{u^) are defined exactly as g^{ue). Thanks to Assumptions 
A1-A5 one can easily see that 



A-i |Me(i)li2 +2ci 



\DuA^dxds < 2C 



IDuJ dxds 



-2C 



But by Young's inequality, we have, for any positive S, 



\uJ \DuJ dxds + A \u^\ 



L2 



4C 



lu^l iDurl dxds < 



JQ 



Choosing d in such a way that 
A-^ \u,{t)\l, + a 



ci we get 



4GSP 



dxds. 



\Du^\^ dxds < C I \ue\l^,ds + K 



where K = A |m'^|'^2- But as p' < 2, we have l^el^p/ < G |ue|^2, thus 



A-' \ueit)\l, + Ci 



\DuA^dxds < G 



\us\l2 ds, 



(3.9) 



hence 



A-^\ue{t)\l, <G f \u,\{,ds. 

JQ 



But, since p' < 2, there is a positive constant ki independent of e such that 
\Ue{t)\{2 < ki(l + \u,{t)\l2). Thus 

\Ue{t)\l2 <C + G f \Ue{s)\l2ds 



JO 

where here, G — G{T) > 0. By the application of Gronwall inequality we get at 
once dsn). We then deduce 1^1} from dnH). □ 



The next result should be of capital interest for the sequel. 
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Proposition 1. The family (Me)e>o is relatively compact in the space L^(Qt)- 
Proof. It follows from Eq. that 

Lp'(0,r;W-i'P'(Q)) 



dt 



< Cj \\d^va-{■,DuMw-^..'(Q^dt 



-C 



dt. 



and, thanks to p.7p we easily get 



(3.10) 



Next 
1 



= sup 

IV-i^p'(Q) <l>£W,]-''iQ) 
11*11 = 1 



Ciue) ■ Dcj)dx + / {drG^u^) ■ Du^)cj)dx 



Q 



By using condition A5 (see especially p.4p ) associated to the Poincare's inequality 
we get that 



< sup {CW{s)\L^-+C\\u,{s)\m) 

W-i-p'(Q) 0GVy,J'''(Q), 11011 = 1 

< C\u,{s)\^,+C\\u,{s)\\- 



It therefore follows from the estimates p.6p - p.7p and the Holder's inequality that 

dt < C. (3.11) 



f 




V 


Jo 


e 


w 



Thus we infer from (|3J0)) - (|3TT|) that 



dt 



< c. 



Lp'(0,T;iy-i.p'(Q)) 

Hence, setting 

- {u G LP(0,r;<'P(Q)) : (p^u)' e L^' {0,T;W-''P' (Q))} 
which is a Banach space under the norm 

^ \\^\\LP{0,T-Wo-''iQ)) + I1(P^'")'IIlp'(0,T;IV-1'P'(Q)) ' 

we have that 

\\ue\\w, < for any e > 
where C is independent of e. Since Jy pdy ^ 0, we therefore deduce from [H 



Theorem 2.3] that (u£)e>o is relatively compact in L^{Qt)- 



□ 
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4. Preliminary results 
Let 2 < p < oo. The following Gelfand triplet 

holds, with continuous embeddings, {W^^{Y)y being the topological dual of W^'^(y); 
this can be seen by showing that the space W^p(Y) is densely embedded in L'^p(Y) 
(this follows by repeating the proof of the forthcoming Lemma It is also a fact 
that the topological dual of LP^^iZ;W^^(Y)) is L^^^iZ; [W^^{Y)]'); this can be 
easily seen from the fact that W^p{Y) is reflexive and Lp^j.{Z; W^p{Y)) is isometri- 
cally isomorphic to Lp{T; W^'^(F)) where T is the 1-dimensional torus. We denote 
by (,) (resp. [,]) the duality pairing between W^^{Y) (resp. i^er(^; W^#p (^))) 
and [Wl;^{Y)]' (resp. LP^,{Z; [W^^{Y)]')). For the above reasons we have, 

[U,V] = / {u{T),v{T))dT 

Jo 

for u e LP^AZ; [W#;(y)]') and v £ LP,,{Z; ^^^'^(r)), and 

{u,ip) = J^u{y)ip{y)dy 

for all u e L^piY) and ip G W^P{Y). 

The following important density result will be used throughout the paper. 

Lemma 2. The space 

pudy ~ 



^#p(n = {"e2?pcr(r):^, 



is dense in W^^(F) 



Proof. Let L be a continuous linear functional on W^p{Y) verifying L{v) = for 
all V e 2?#p(F). We need to check that L{v) = for all v e W^^{Y). By the 
Hahn-Banach theorem, L extends to a (possibly non unique!) continuous linear 
functional L on Wp^P.{Y) and so, there exists (ui)o<i<Af C {Lp^j.{Y))^^-^ such that 

L{v) = / uovdy + V / u~dy for all v e W';P^{Y). 
Jy JY ciyi 

Let V £ VpcriX); since v — My{pv) 6 V^plY) (where My{pv) — Jy pvdy), we have 
L{v — My{pv)) — L{v — My{pv)) = 0, or equivalently, 

L{v) = My{pv) j uody for all v e Vp^riY). (4.1) 

But the linear functional v n- My{pv) defined on VperiY), is continuous on VpcxiY) 
endowed with the Wp^^f (r)-norm, so that (jH]) still holds true for v e Wlg{Y) (by 
the density oiVp^,{Y) in Wl^iY)). Therefore taking v e W^l{Y) we get L{v) = 0. 
This completes the proof. □ 

The following obvious result will be used in the sequel. 
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Lemma 3. Let u G ^'^^^{Y x Z). We still write u for u|p (z)®[t>^ (y)] (^^^ 
restriction of u to X'por(^) ® \V^p{Y)]). Assume u is continuous on T>-pQ,:(Z) ® 
[D#p{Y)] under the LP^^{Z;W^^{Y))-norm. Then u G LP^^AZ-AW^l{Y)]') and 
further 



{u{T),ip{-,T))dT 



for all If g T>pcr{Z) <Si [T>^p(Y)], where (,) denotes the duality pairing between 
Vp^j.iY X Z) and VpcriY x Z), whereas the right-hand side denotes the product of 
u and in the duality between LP^.iZ; [W^^iY)]') and LP^,iZ; W^P{Y)) as stated 
above. 

The next result will prove very efficient in the homogenization process in the 
case when k — 2. 

Lemma 4. Let € C^{Qt) <E) {Vp^,{Z) (E)[V#p{Y)]). Let (u^)^^e , E' and {uq,ui) 
be as in Theorem |4j Then, as E' 3 e ^ 



—u^p'^ip^ dxdt 



[pui{x, t), 4'{x, t)] dxdt 



where ip^{x, t) — 'ip{x, t, x/e, t/e^) for {x, t) G Qt- 

Proof. We recall that the space T>^p{Y) consists of those functions in ^^por(^) 
with the property Jy pipdy — 0. With this in mind, let ^ be as in the statement of 
the lemma. Since p-tp is in Co°°(<9T)®(2?per(^)«)[2?por(>")]) and verifies Jy pipdy = 0, 
the result follows at once by the application of |13J Lemma 3.4]. □ 

Let TZ : L^^j.{Y) Lp^j.{Y) be defined by TZu = pu. Then 7^ is a non- negative 
and bounded linear self-adjoint operator. By the positivity of p, its kernel is reduced 
to 0. We denote by L'j,{Y) the completion of Lp^j.{Y) with respect to the norm 

ll"ll+ = ||P^^^"|L2(y)- 

Now, for u e Lp^j,(Z; ipj,j.(y)) we define TZu as follows: 

TZu{t) = n{u{T)) for a.e. r £ Z = (0, 1), 
and we get an operator TZ : Lp^^{Z; Lp^^{Y)) Lp^j.{Z; Lp^^{Y)). Finally let 
V ^ LP^^iZ; W^'p{Y)) and its topological dual V = LP^^{Z; [W^^{Y)]'). Viewing 
(7^)' = pd/dr as an unbounded operator defined from V into V", its domain is 



With the norm ||w||yy 
result holds. 



dv , 
w e V : p— e V 

OT 



/'frllv" ^ is a Banach space and the following 



Proposition 2. The space W is continuously embedded into C([0, l];Lp(y)), that 
is, there is a positive constant c such that 



sup 

0<T<1 



<c u 



w 



for all u W . Moreover 



for all u,v £ W. 



du 




dv 









(4.2) 
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Proof. The fact that W embeds continuously into C([0, 1]; L'j,{Y)) fohows from jl4j : 
see also (THl Proposition 4.1]. Still from the same references, we have that, for 
u,v eW, 



pu{l)v{l)dy- / pu{0)v{0)dy, 



du 




dv 






+ 


OT 


-i 



and by the Z-periodicity of u and u, it follows that the right-hand side of the above 
equality is zero, hence (|4.2p . □ 



By repeating the proof of Lemma [5] one can show that the space £ — Vpc^iZ) (E> 
['D^p{Y)] is dense in W. The operator pd/dr will be useful in the homogenization 
process for the case fc = 2. This being so, the Lemma |4] has a crucial corollary. 

Corollary 1. Let the hypotheses be those of Lemma |4l Assume moreover that 
ui eW and that k = 2. Then, as E' B e ^ 0, 



eueP —;r—dxdt — !> — 
at 



P^\.^^'t)^V{x,t) 



dxdt. 



Proof. We have 



eu^p ——dxdt — £ 
' dt 



UeP" 



9-0 
'dt 



dxdt 



UeP" 



9-0 



dxdt. 



Since ^ is in Cg^iQr) «) (2?per(^) ® [D^piY)]), we infer from Lemma H that, as 



E' 3e^0, 



£UeP —;^dxdt — > 



Qt 



dt 



pui{x,t,-,T),^{x,t,-,T)) ] dr 



dxdt. 



But 



, dip , \ N 1 , 

pui[x,t, •,t), -g;^[x,t, ■,T)) ] dr 



du\ 

P^^{x,t,-,-),V[x,t,-,-)) 
dr 



□ 



where in the last equality, we have used (|4.2p (see Proposition [2|) . 

We will also need the following 

5. Lei 5 : X X ^ R be a function verifying the following 
conditions: 

(i) \drg{y,T,u)\ < C 

(ii) 5(-,-,r) eCper(F X Z). 

Let {ug)e be a sequence in L^{Qt) such that — t- uq in L^{Qt) as £ ^ 0, where 
uqEL'^{Qt). Then, setting g'^{ue){x,t) = g{x/e,t/e'',Ue{x,t)) we have, as e ^ 0, 

g'iu,) ^ g{-, •, uo) m L^{Qt)-2s. 

Proof. Assumption (i) implies the Lipschitz condition 

\9{y,T,ri) - g{y,T,r2)\ < C \ri - r2\ for all y,T,ri,r2. 



(4.3) 
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Next, observe that from (n) and (|4.3|) . the fmiction {x, t, y, r) i— )■ g{y, r, uo{x, t)) hes 
m L'^{Qt; Cpci{Y X Z)), so that we have g'^iuo) g{-, •, uq) in L'^{Qt)-2s as e — 0. 
NowJoTfeL^iQT;Cp„iYxZ)), 



f{ue )f^dxdt -II 5 ( • , • , uo ) fdxdtdydr 

Qt JJQtxYxZ 



{g%u,) - g'{uo))rdxdt + / g^uo).fdxdt 

JQt 

g{-, - ^uq) fdxdtdydr. 



QtxYxZ 



Using the inequaUty 



{g'{u,)-g%uo))rdxdt 



in conjunction with the above convergence results we get readily the result. □ 

Remark 2. From the Lipschitz property of the function g above we may get more 
information on the limit of the sequence g'^{ue). Indeed, since \g'^(ue) — g^(uo)| < 
C I Me — Mo I, we deduce the following convergence result: 

g'^{ue) g{uo) in L^{Qt) as e Q 
where g{uo){x, t) = jy^^ g{y, r, uo{x, t))dydT. 

We will need the following spaces: 

¥l-P = LP{0,T;W^-''{Q)) X LP{Qt;X) 
(where X is either V or W) and 

T^^C^{QT)y<[C^{QT)®£] 
where we recall that W = {v e V : pdv/dr e V'} with V = LP^,{Z; W^p{Y)), and 
£ — VpcriZ) (g) [V^p{Y)]. Fq'*' is a Banach space under the norm 

||(Mo,Mi)||pi,P = II^*o|Ilp((o,t);W(}'''(Q)) + II^iIIlp(Qt;A') 

with the further property that is dense in ¥q'^; this obviously follows from 
Lemma [2] 

5. HOMOGENIZATION RESULTS 

5.1. Global homogenized problem. For a function u e LP{0,T;Wq'^{Q)), we 
shall denote by u' the partial derivative du/dt defined in a distributional sense on 
T^'{Qt)- Let E be an ordinary sequence of positive real numbers e converging to 
with £. We assume throughout this section that p > 2. By the strong relative 
compactness of the family {ue)e>o (see Proposition [1]), there exist a subsequence 
E' from E and a function mq S LP{0, T; W^'^iQ)) such that, as E' 3 e ^ 0, 

Me ^ Mo in L2(Qt)- (5.1) 

Let Ml 6 LP{Qt X Z; W^'^(y)) be the function determined by the Theorem |4] such 
that, as i?' 3 e ^ 0, 

^^|^ + |^inLW2s(l<,<iV). (5.2) 
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The first important result of tfiis section is the fohowing 

Theorem 5. The couple (wo,wi) determined above by (|5.f |) - ()5.2|) solves the follow- 
ing variational problem: 

' {uo,ui) G LP{0,T;W^'P{Q)) x LP{Qt;V) : 

Jo ("o; ■^o) dxdt + JJq^^yxz -^"0 + DyUi) ■ {Dvq + DyVijdxdtdydr 
' = IlQj.xYxz9iy^T^uo)vidxdtdydT - JJq^^yxz '^(v^^^'^o) ■ Dvodxdtdydr 

~ IIqtxYxz i^^^^y^'^^'^o) ■ {Duq + DyUi)) vodxdtdydr 
^ for all ivo,vi) £ , if0<k<2; 

(5.3) 

' {uo,ui) € LPiO,T;W^'P{Q)) X LP{Qt;W) : 
/o «o) dxdt + [p^,vi] dxdt 
= ^//Qrxyxz"(''^"o + DyUi) ■ {Dvq + DyVijdxdtdydr 
+ IIqj,xYxz 9{y:T^uo)vidxdtdydT - JJq^,,yxz ^iv^'^^^o) ■ Dvodxdtdydr 
~ IIqtxYxz i9rG{y,T,uo) ■ {Duo + DyUi)) Vodxdtdydr 

, for all {vo,vi) G , if k = 2; 

(5.4) 

and 

■ (uo,ui) e Lf(0,T;<^^(Q)) x LP{Qt;WII{Y)) : 

/o {u'q;Vo) dxdt + JJ^^^yoi-, Duo + DyUi) ■ (Dvo + DyVi)dxdtdy 
' = IIqtxYx g{y,uo)vidxdtdy - JJq^-^y G{y,uo) ■ Dvpdxdtdy (5.5) 
- Hqtxy {'^rG{y,uo) ■ (Duo + DyUi)) vodxdtdy 

^ for all {vo,vi) e C^{Qt) x {C^{Qt) ®V^p{Y)), tfk>2, 

where a{-, Duo + DyUi) = a{-, Duq + DyUi)dr, g{y,uo) = g(i/,r,uo)dr (and 
a similar definition for G{y, uq) and drG{y, uo) )■ 

Proof. The proof will be done in three steps, according to the values of the param- 
eter k. 

Step 1: Case where < fc < 2. Let <f> = (t/iq,-;/'!) e F^ , and define 

^e{x, t) = ipoix, t) + £-01 t, ^, ^ , (x, t) e Qt- 

We recall that Vo e C^{Qt) and Vi e C^{Qt) ® (^?pcr(^) «> [V^p{Y)]). Then 
$e G C^{Qt) and, using it as a test function in the variational formulation of 
(EJ), we get 

- [ p''u^^^dxdt+ [ a%-,Due)-D<i>,dxdt-- [ g" {u^)<i>,dxdt ^ 0. (5.6) 
Jqt Jqt ^ Jqt 

We consider the terms in (|5.6p respectively. 

As regards the first term on the left-hand side of (|5.6p . we have 

/ P^Ue^^dxdt — [ p^Ur^^l^dxdt + e [ p^Ue I I dxdt 

+^'~' J ^P'^e(^^y dxdt. 
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In view of Lemma |31 the integral Jq^ ^P^'^e (^t^) dxdt converges (recall that 

My{p^^) ~ 0). On the other hand, since — ?> Jy pdy = 1 in L^{Q)-weak and 
— )■ uq in L^(Qt), it is immediate that 



-^dxdt / "0-^ 
ot Jo^ at 



p''Ui:—;^dxdt — > / UQ^^dxdt as -E' 3 e — >■ 0. 

Qt 



We are led to 

p^u.—dxdt^-j {u'fj{t),->Jja{-,t))dt. 

As far as the second term on the left-hand side of (|5.6p is concerned, due to the 
monotonicity of the fmiction a(x, t, y, t, •) we can argue as in [5T] (see also [3D]) to 

get 

/ a'^{-,Du^)-D^sdxdt ^ // a{- ,Duq + DyUi) ■ {D^q + Dyip^)dxdtdydT . 

Jqt jJqtxYxz 

Finally, for the last term, we have 

- / g'^{ue)^edxdt ^ - 1 g^{u^)ipf^dxdt + j g^ {u^)il:\dxdt. 

^ JOt ^ JOt J Ot 



It is immediate that 



g^ {ui;)ip\dxdt ^ g{uo)'ipidxdtdydT . 

J JqtxYxZ 

For i J„ g'^ {ug)ip(fdxdt, we use the decomposition 



-g^u,) = divG"(ue) - drG^u,) ■ Du, 
e 



to get 



-/ g^u^)^,dxdt = - [ G^{u^) ■ Di^^dxdt- I {drG^ {ue) ■ Du^)ipQdxdt 
e Jqt Jqt Jqt 

= h+h- 
We infer from Lemma [5] that 

Ii ^ — 11 G{uo) ■ DipQdxdtdydr . 

Since the function drG is Lipschitz continuous with respect to r and periodic with 
respect to y,T, the use of Remark [5] yields 

{drG(uo) ■ (Duq + DyUi))ipodxdtdydT; 

^xYxZ 

indeed, this can be verified by using the definition of the strong two-scale conver- 
gence [2 [53], noting that in our case, the sequence drG^{ue) strongly two-scale 
converges towards drG{uo). 

Putting together all the above facts we are led to (|5.3I) . 

Step 2: Case where k — 2. In this case the procedure is the same as in the 
previous one. Thus, as it can be seen from the proof of the case < A; < 2, we 
will only deal with the term J^^ p'^u^^^dxdt. However, another important fact is 
to check that ui belongs to LP{Qt; W). This last part will be accomplished in the 
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next subsection. Returning to (|5.6|) and considering the first term there, we pass 
to the limit in the equality 



p Ue—p: — dxdt 
Ot 



using Corollary [T] and we get 



lim 



P Ue 



Qt 



dt 



■dxdt 



d^u^ - ° dxdt 
ot 



{u'^{t),%{-,t))dt 



ep'^Ue—;^dxdt 
at 



dui 

Pa7'V.i 



dxdt. 



and we hence derive (E 



Step 3: Case where k > 2. As in the preceding step, we only need to compute 
the limit (as i?' 9 e — ?■ 0) of the term J^^ p'^u^^^dxdt. Before we can do this, we 
must first show that the corrector term ui does not depend on r. This will allow 
us to take the test functions independent of t, that is, tpi G C^{Qt) ® \V^p{Y)\, 
i.e., — 4>Q{x,t) + eipi{x,t,x/e). This will therefore lead at once to 

p'ue-^dxdt ^ - / {u'Q{t),^Q{-,t))dt 'AS E' 3 e ^Q. 



So, let 



^^(x, t)^e^ ^ijj[x,t,-,\\ , (a;, t) € Qt, 



where ^{x,t,y,T) = Lp{x,t)e{y)x{T) with ip e C^{Qt), G V#p{Y) and x £ 
Vp^,{Z). Then £ C^(Qt) and as in jSH) we have 

dip f ^ If 
p'^Ue—^dxdt+ / a" {■ , Due) ■ Dip ^dxdt / g^{us)ip^dxdt — Q. (5.7) 

Jqt ^ JQt 

Because fc > 2, the last two terms in the left-hand side of (|5.7p go to zero as 
E' 9 e — > 0. For the first one we have 

p''u^— — dxdt — e I -p — — dxdt + / —p"u^ — — axai. 
9i Jq^ e \dtj Jq^s \dT J 

Passing to the limit in the above equation using Lemma |4] gives in (|5.7p 

dip 

pui-^dxdtdydr — 0, 

and using the arbitrariness of and 9, we get 

p{y)ui{x,t,y,T) — {T)dT = 0, 

which is equivalent to wi is independent of r. This ends the proof of Step 3. 
We are partially done (since we need to check that ui, in the case k = 2, lies in 

i^(QT;>V)). □ 
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5.2. Homogenized equation. In this section we consider each, of the Eq. ()5.3p 
()5.5|) separately. Let us first and foremost deal with ()5.3p . 
Equation (15. 3p is equivalent to the following system: 



//g^xrxz "(''-^"0 + i'yWi) • DyVidxdtdydT 

= IIqtxYxz 9iy^'^^'^o)vidxdtdydT for aU t;i e C^{Qt) ®£ 



(5.8) 



and 



/o (uo:'"o)«^2:dt + JjQ^^y^^a{-,DuQ + DyUi) ■ Dvodxdtdydr 

+ //Q.xyxz(5^G(j 
for ah z;o S C^(Qt) 



JjQ^^Yxz'^iy^^^'^o) ■ DvodxdtdydT ^^ ^^ 

IIqtxYxz ic>rG{y,T,uo) ■ {Duo + DyUi)) vodxdtdydr = 



As far as (|5.8p is concerned, let (x, i) S Qt and let (r, ^) G M x be freely fixed. 
Let TT{x,t,r,^) be defined by the so-called cell problem 

TT{x,t,r,0 & V ^ LP,,.iZ;W'f^iY)) : 

/yxz"("'^ + DyT^{x,t,r,£,)) ■ Dywdydr = ^y^^g{y,T,r)wdydT (5.10) 
for all w eV. 

Since gijj, r, r) — A\Vy G{y, r, r), we have 

g{y, r, r)wdydT = - / G(y, r, r) • Dywdydr, 
YxZ Jyxz 

from which we deduce that the right-hand side of (I5.10p is a continuous linear 
functional on V. It therefore follows from classical results that Eq. (|5.10p admits 
at least a solution. Moreover if vri = t:i{x, t,r,^) and 1:2 = '^2{x,t,r^^) are two 
solutions of (|5.10l) . then we must have 

/ (a(-, r,^ + DyTTi) ~ a{-, r,^ + Dj^TTa)) • (D^tti - DyTT2) dydr = 0, 
Jyxz 

and so, by [part (i) of] (13.31) . Dyiri = DyTi2, which means that tti — 7r2 is a constant 
function of y. But then by the condition My{pni) — My{pTT2) — (recall that 
TTi and 7r2 are in V = LP^^.{Z; W^p{Y))) we deduce that tti = 7r2. Next, taking in 
particular r = uo{x,t) and ^ — Duo{x,t) with {x,t) arbitrarily chosen in Qt, and 
then choosing in (j5.8p the particular test functions vi{x,t) = Lp{x,t)w {{x,t) G Qt) 
with if G C^{Qt) and w G £, and finally comparing the resulting equation with 
(|5.10l) (note that £ is dense in V) , the uniqueness of the solution to (I5.10p tells us 
that ui = 7r(-, uq, Duq), where the right-hand side of the preceding equality stands 
for the function {x,t) 1— > n^Xji^UQ^Xji), Duo{x,t)) from Qt into V. 
We have just proved the 



Proposition 3. The solution of the variational problem (|5.8I) is unique. 
Let us now deal with the variational problem (|5.9p . For that, set 

q{x, t, r,C) = / a{x, t, •, •, C + DyT:{x, t, r, £,))dydT 



YxZ 



and 



qoix,t,r,^)= / drg{y,T,r)7r{x,t,r,()dydT 
Jyxz 
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for {x,t) e Qt and (r, ^) G M x M.^ arbitrarily fixed. With this in mind, we have 
following 



Proposition 4. The solution uq to the variational problem (15. 9|) solves the follow- 
ing boundary value problem: 

^ = divq{-, ■,uo,Duo) + qa{-, ■,uq,Duo) in Qt 
uo = on dQ X {0,T) (5.11) 
Mo(x,0) = u"(a;) in Q. 

Moreover any subsequential limit in L^{Qt) of the sequence (u£)e>o is solution to 

Proof. Substituting ui = Tr{-, uq, Duq) in (|5.9p and using the obvious equalities 

G{y,T,uo)-DvodxdtdydT — // {drG{y,T,uo)-DuQ)vodxdtdydT, 

QtxYxZ JJqtxYxZ 



{drG{y,T,uo)-DyUi)vodxdtdydT — // drg{y,T,uo)uiVodxdtdydT, 

^txYxZ JJqtxYxZ 

Eq. (j5.9|) becomes 

{/q^ (uq, Wo) (ia;dt + JJq^xYxz '^('^ -^^o + DyTi{-, uq, i^wo)) ■ Dv^dxdtdydr 
= IlQT,xYxz(^rg{y,T,uo)'iT{-,uo,Duo)vodxdtdydT for ah wq e C^((3t), 

which is nothing else, but the variational formulation of (j5.1ip . □ 

To conclude the study in the case when < fc < 2, we have the following 

Theorem 6. Let 2 < p < oo. Assume hypotheses A1-A5 hold. For each e > let 
Ue be the unique solution to (jl.ip . Then there exists a subsequence of e not relabeled 
such that Me — !> Mo in L^{Qt) where uq £ LP(0,T; Wq'^{Q)) is solution to (jS.llI) . 

The case when fc > 2 is quite similar to that when < fc < 2. Now, let us consider 
the case where k — 2. In that case, all we need to check is that the solution ui 
of the microscopic problem is unique and belongs to LP((5t;VV) as announced in 
Theorem [5l For that purpose, we begin by checking that ui is the solution to the 
following variational problem: 

I lQ^[PT7^'"i]'^^'^^ + nQ^xYxz('(-'D'^o + DyUi) ■ DyVidxdtdydT 
]= JJqtxYxZ 9iy^TyUo)vidxdtdydT foT all vi e C^{Qt) ® £■ 

Fix (r, ^) G R X and {x,t) G Qt, and consider the cell problem 

TT = nix, t,r,OeV = LP,AZ; W^^^iY)) 

[pf7,H +/yxza(-,^ + Dy7r) ■ Dywdydr = J^^z 9{y^T^r)wdydT (5.13) 
for a\\we£ = Vpe,{Z) (g) V#p{Y). 

Assume for a while that the solution of (I5.13P exists. Then, for the same reasons 
as in the case where < fc < 2, the linear functional L : w ^ Iyxz S^V^ ^' ^)wdydT 
defined on V verifies the property: there is a positive constant c independent of w 
such that 

\L{w)\ < c for aU w £ V. 

Likewise there exists another constant fc > such that 



/ a{-,£_ + Dyir) ■ Dywdydr 
Jyxz 



<k\\w\\^ 
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We deduce from the above facts that the Hnear functional w [^§7'^]' defined 
on is continuous when endowing £ with the V-norm. From the density of £ in 
V we get readily p|f e V, so that tt lies in W. Since £ in W, Eq. ((5TT^ still 
holds for w G W. Therefore by equality (|4.2p (in Proposition [2]) we deduce that 
[p|^,7r] = 0. The uniqueness of the solution of (|5.13p follows from that. So it 
remains to show that Eq. (|5.13|) possesses at least a solution. But this equation is 
the variational formulation of the following equation: 



In view of the properties of the operator TZ defined in Section 4, we see immediately 
by [13 (see also [3]) that the above equation admits at least a solution. Now, taking 
r = uo{x,t) and ^ = Duo{x,t) and arguing as in the case where < A: < 2, we 
obtain ui — tt{-, •, uq, Duq). By the preceding equality, we have shown, as claimed, 
that ui lies in LP((5t; VV), thereby concluding the proof of Theorem [5l This also 
shows that even in this case, the homogenized equation still has the form (|5.1ip . 

5.3. Some uniqueness results and convergence of the sequence (ue)£>o- In 
order to find a uniqueness result for the solution of the problem (|5.1ip , we need to 
know the properties of the homogenized coefficients. The properties of the function 
q are classically known. However it is difficult to have the general properties of the 
function qq. But we will nevertheless show that in some cases, there is uniqueness. 
For this, we will restrict the study to a special case: we assume that the function 
A n- a{x,t,y,T, X), from into itself is linear, that is, there exists a family 
{a^J}l<^.J<N C C(Qj.;L°°(M^+i)) (thanks to and parts (ii) and (iii) of ([33]) ). 
such that 



N 

[ I,. 11 . 1 loi a,ii y\ ^ 



a,{x,t,y,T,X) = Vay (x,t,?/,T)Aj for ah A £ (1 < i < N). 



In the sequel, we assume p — 2. It is clear that the results obtained in the preceding 
sections are still valid in this case. From the periodicity assumption on a(a;, t,-,-, X), 
it is clear that the functions aij{x,t, •, •) are Y x Z-periodic. 

Set b = (aij)i<ij<jv (the matrix derived from the coefficients aij) and let us 
focused our attention on the special case where fc = 2, which seems to be the more 
involved. The cell problem (|5.14[) takes the form 

TT = 7T{x,t,r,£,)eW: , . 

= divy {b{x, t, ; -U + Dyn)) + g(-, 0- ^ ' 

We know that this equation has a unique solution. But it can be easily seen that 
the solution of the above equation expresses under the form 

7r(2:,i,r,0(y,T) =x{x,t,y,T) ■ ^ + wi{x,t,y,T,r) (5.16) 

where x and wi are respective unique solutions to the following equations 

~ diYy{b{x, t)Dyx) = div^ b in W, X = X{x, t, •, •) G (W)^, 



and 



p-^ - diVy{b{x,t)DyWi) = g{-, ■,r) in W, Wi = Wi{x,t, ■, ■,r) eW 
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where b{x, t) stands for the matrix {aij{x, t, •, •))i<ij<Ar. The existence and unique- 
ness of X ^J^d wi is ensured by a classical result |16j . 

Now, taking r = uo{x,t) and ^ = DuQ(x,t) in (|5.15l) . it follows from (|5.16p that 

ui{x,t,y,T) = x{x,t,y,T) ■ Duo{x,t) + wi{x,t,y,T,uo{x,t)). 

Now, going back to the variational formulation of ()5.4p with the function ui replaced 
by the above expression, we end up with 

lo (^0' '^o) "^^^^ + Iqj, iK^i t)Duo) ■ Dvodxdt 
+ //Q^xi'xZ^(^'^)^y^i(^'*''"o) ■ Dvodxdtdydr 
^ IlQTxYxz^^9{y,T,UQ)(x{x,t,y,T) ■ Duo{x,t))dxdtdydT 
+ nQT.xYxz'^r9{v,TiU^)'Wi{x,t,y,T,U(i{x,t))vodxdtdydT for all e C^[Qt), 

where b{x,t) = ^y^^b{x,t){I + Dyx)dydT is the homogenized matrix, / being 
denoting the unit N x N matrix. Setting 

Fi{x,t,r) = / b{x,t)DyWi{x,t,y,T,r))dydT; 
Jyxz 

F2{x,t,r) = / drgiy, T,r)x{x,t,y,T)dydT; 
Jyxz 

F3{x,t,r) = / drgiy, T,r)wi{x,t,y,T,r)dydT, 
Jyxz 

we are led to the following result. 

Proposition 5. The solution uq to the variational problem (j5.4p solves the follow- 
ing boundary value problem: 

^ = div (j){x,t))Duo^ + div Fi{x,t, uq) ~ F2{x,t,uo) ■ Duq - F3{x,t,uo) in Qj 
uo = ondQx (0,T) 
uo{x,0) = u'^ix) inQ. 

(5.17) 

As in [2], it can be checked straightforwardly that the functions Fi{x,t, •) (1 < 
z < 3) are Lipschitz continuous functions. This therefore ensures the uniqueness of 
the solution to ()5.17|) . and the following result holds true. 

Theorem 7. Assume hypotheses A1-A5 hold with p — 2. For each e > let 
Me be the unique solution to (jl.ip . Then — ^ uq in L^(Qt) as £ — ?■ 0, where 
Uq G L^{0,T; Hq{Q)) is the unique solution to (I5.17p . 

Proof. By the uniqueness of the solution to (|5.17p , the result follows in an obvious 
way. □ 

The same remark as above holds in all the other cases (as far as the parameter 
k is concerned) , so that we are justified in saying that Theorem [7] holds for any 
positive value of the parameter k. This shows the convergence of the sequence 
(we)E>o when the function a{x, t, y, r. A) is linear with respect to A. Also we recover 
the results by Allaire and Piatnitski [2] (when setting in our situation k — 2) when 
the function a(x,t,y,T,X) is linear and does not depend on the variable x,t. We 
can therefore argue that our work generalize the one of the previous authors. 
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